Huge astrospheres or stellar wind bubbles influence the propagation of cosmic rays at energies up to the TeV range and can act as small-scale sinks decreasing the cosmic ray flux. We model such a sink (in 2D) by a sphere of radius 10 pc embedded within a sphere of a radius of 1 kpc. The cosmic ray flux is calculated by means of backward stochastic differential equations from an observer, which is located at r 0 , to the outer boundary. It turns out that such small-scale sinks can influence the cosmic ray flux at the observer's location by a few permille (i.e a few 0.1%), which is in the range of the observations by IceCube, Milagro and other large area telescopes.
Introduction
Large area cosmic ray detectors like the Tibet Air shower experiment, IceCube/IceTop, Milagro and HAWC, among others observe a multipole like anisotropy of the high energy cosmic ray flux (CRF) over the entire sky (Iuppa and ARGO-YBJ Collaboration, 2013; Abeysekara et al., 2014; BenZvi, 2014; Desiati, 2014; Di Sciascio and Iuppa, 2014; Di Sciascio, 2015; López-Barquero et al., 2015; IceCube Collaboration et al., 2016) . The energies of interest are in the TeV range which vary on small-scales by a few permille (‰) for details see Toscano and IceCube Collaboration (2012) and Iuppa et al. (2012) .
At higher energies (PeV) anisotropies were also found (Giacinti and Sigl, 2012; Zotov and Kulikov, 2012; Aartsen et al., 2013; Glushkov and Pravdin, 2013) which may be still of Galactic origin. Even at energies around EeV, anisotropies in the arrival directions are obsereved (e.g. Pierre Auger Collaboration et al., 2011 Collaboration et al., , 2013 , which may be at the transition to an extragalactic origin of the cosmic rays. These high energies are not taken under consideration here. * Corresponing author A few explanations have been proposed, either related to interstellar magnetic field variations (Amenomori et al., 2011) , intermediate turbulence (Biermann et al., 2015) due to the heliotail (Desiati and Lazarian, 2014; Zhang et al., 2014; Pogorelov et al., 2015; Schwadron et al., 2015) . A detailed analysis of the power spectrum is discussed in Ahlers and Mertsch (2015) where thet authors showed that the strength of the power spectrum is related to the diffusion tensor. Harari et al. (2016) discussed turbulent magnetic fields as the cause of small angular scale variations, while Battaner et al. (2015) correlated the anisotropy to the global cosmic ray flux.
There are small-scale variations (tens of degrees) and even tiny-scale variations about a degree or less in the interstellar medium caused by astrospheres, planetary nebulae and similar inhomogeneities (Stanimirović et al., 2010; Haverkorn and Spangler, 2013; Linsky and Redfield, 2014) . In the following we explain how such variationsdue to the presence of astrospheres -act as smallscale sinks (S3) of CRF in the interstellar medium, can lead to such anisotropies.
Huge astrospheres or stellar wind bubbles have been discussed for example in Mackey et al. (2015) and Scherer et al. (2016) , especially their influence to the CRF was studied in Scherer et al. (2015) for the case of λ Cephei. The latter authors found that the CRF at energies up to 100 TeV is affected on scales below 1 pc along the stagnation line of the astrosphere. Because the discussed astrosphere of λ Cephei is special, in the sense that the relative motion between the star and the ISM is high (about 80 km/s), and the bow shock distance is about 1 pc. Most of the astrospheres of hot stars do not show any relative motion and build stellar wind bubbles of the order of 10-100 pc. These bubbles have very high compression ratios (Toalá and Arthur, 2011) and thus can effectively act as sinks for the CRF. The CRF is already affected directly beyond the bowshock, see Scherer et al. (2011) , Strauss et al. (2013) , and Luo et al. (2015) , and thus the effective modulation in astrospheres starts directly behind the bow shock, and not as in the helioshere at the heliopause (Kóta and Jokipii, 2014; Potgieter, 2014) .
Here we setup a model where we study the transport of cosmic rays (CRs), when there is a S3 between the outer boundary and the observer. In section 2 we present the model in detail, while in section 3 the numerical scheme is discussed. In section 4 we study the results for a range of appropriate parameters (given in Table 1 below) and finally we give a résumé in section 5
The model
The basic scenario of our model is shown in Fig. 1 : CRs, propagate from their sources (specified at r boundary = r b ) towards Earth, assumed to be at the origin. We now place a spherical inhomogeneity (S3, most likely, an astrosphere), with a radius of r astrosphere = r a , at a distance of d astrosphere = d a from the Sun. The position of the astrosphere is also specified by the angle ϕ astrosphere = ϕ a , measured from the y-axis. We do not calculate the intensity at Earth itself (this would be a point in this set-up), but at an observer's position, specified by r observer = r o and the angle ϕ observer = ϕ o . It is assumed that any anisotropies at r o will be frozen-in and be directly observable at Earth; a good approximation if the particle mean free path is λ > r o , which is usually larger in the ISM Scherer et al. (for the local influence of different mean free pathes on astrosphere, see 2015). We assume that the S3 influence the particle intensity, i.e. some particles that interact with the S3 will be lost. This could be due to e.g. adiabatic energy losses suffered in the astrosphere's expanding stellar wind or due to catastrophic losses in a denser medium close the host star. Independent of the process, we assume that the intensity of CRs, when interacting with the astrosphere, will decrease.
The diffusion coefficient in the transport equation depend, in general, on the magnetic field structure inside an astrosphere, which is not known. Because we are not interested in the details of the CRF inside the astrosphere, we simulate the CRF through it by an extinction coefficient. For details see below.
As already mentioned, we require λ > r o for our simulation. Furthermore also assuming λ < r b , we can safely consider that the resulting anisotropies will be small and use a Parker-like transport equation (Parker, 1965) to describe their transport in the turbulent interstellar medium (we therefore have the scaling r o < λ < r b ). For a nearly isotropic CR distribution function f , we solve
which includes the loss-rate Q due to CRs interacting with the S3. Assuming a 2D Cartesian geometry and a mean magnetic field B = Bŷ, the diffusion tensor reduces to
For simplicity, we assume κ || (= κ y ) and κ ⊥ (= κ x ) to be constant and to be linearly related via κ ⊥ = ηκ || .
The numerical solver
We solve Eq. 1 by means of stochastic differential equations (SDEs). The set of SDEs, being equivalent to Eq. 1, is, for q ∈ {x, y}, simply
where dW q ≈ R q √ ∆s are Wiener processes and R q independent, normally distributed, random numbers. For details of this numerical approach (see e.g. Strauss et al., 2011a; Kopp et al., 2012) . We solve these equations backwards time, where backwards in time is labeled by s.
In general, a loss term is handled in the SDE formulation by keeping track of the so-called particle amplitude, α i , for each pseudo particle (labeled by i) during the integration process. I.e., starting initially at α i (s = 0) = 1, this quantity is updated as
We do, however, not yet know the precise form of the loss-rate, neither the amount of time CRs will spend in such inhomogeneities (∆s, which will depend on the transport conditions in the inhomogeneities themselves) so we approximate Eq. 4 as
where we have defined an extinction coefficient
, that is the fraction of the CR particles lost when a S3 was encountered, i.e. χ = 1, or equivalently χ = 100%, means that all particles that encountered the S3 were lost. The numerical time step in the SDE scheme, ∆s, determines what scale of structures will be sampled by these pseudo-particles in configuration space. In order to sample the relevant spatial features in our model set-up (i.e. pseudo-particles should not jump across the S3, but sample it continuously), we follow Strauss et al. (2013) and implement a variable time step as
where L is the spatial extend of the smallest structure in the model and σ a constant, usually chosen to be σ = 0.5 or smaller. The solution of the transport equation at any point in space is now calculated, in the steadystate limit, as
where N is the number of pseudo-particles (a term for each numerical realisation of the set of SDEs, not a physical CR particle) solved and f boundary is the boundary value, specified at r b . We simply use f boundary = 1 without any loss of generality. We can easily estimate the statistical error related to this method of solution by assuming Poisson statistics for the resulting distribution (a fair approximation when looking at the results of e.g. Strauss et al. (2011b) ), N = N ± √ N , so that Eq. 7 is modified to become
and the resulting error bar plotted with the intensities in the next sections. To get our results accurate to the permille range, we therefore need, at least, N = 10 6 , pseudo-particles so, for the simulation in this work, we use N = 10 7 such particles at each phase-space position where the intensity is calculated.
Results
Because we study a large set of parameters such as the variation of the distance d a to the astrosphere, its size r a , the angle to the observe ϕ a as well the ratio η of the perpendicular to the parallel diffusion coefficient, and finally the loss rate χ inside the astrosphere, we start with a reference solution (RS) with d a = 600 pc, r a = 10 pc, ϕ a = 45 o , η = 0.5, and χ = 100%. Other model parameters relative to the RS is shown in Table 1 .
The variation of the CRF of the RS is shown in Fig. 2 together with the numerical error bars (see Eq. 7). The error bars are similar in all subsequent models and not shown further. In Fig. 3 to 4 the RS is, as reference, always shown as the black line.
The RS shown in Fig. 2 is the solution of the SDE equation, as a function of ϕ o , at r o = 10 pc. The solution is normalised to its average value (averaged over ϕ o ), that is, j/ j > 1 shows an excess of particles with respect to the average of j over all ϕ o 's. Note that, in the current model, the differential intensity j, is directly proportional S3) is located at a distance d a from the observer and has a radius of r a . The whole integration area is a sphere with radius r b . The magnetic field is directed along the y-axis and the astrospheres is offset from the y-axis by an angle ϕ a . The inner boundary is at r o , which is much smaller than the CR mean free path. The two scatter lines show the path of a pseudo particles: one travels unhindered from r b to r o , while the other interacts with the astrosphere and does no longer contribute (fully) to the CRF at r o . The dotted line shows a possible path of that pseudo-particle.
to the distribution function f . The black lines horizontal show the permille range.
The solutions depend on the ratios η = κ ⊥ /κ and η/χ. This is because, for a diffusion equation, with constant (time independent) coefficients and boundary conditions, the steady state solution is only determined by the boundary conditions. When, in future, we generalize Eq. 1 to include energy losses in the interstellar medium, and implement more realistic parametrisations of the energy losses in S3, the magnitude of κ , κ ⊥ may play an important role (here the ratio κ/Q plays that role).
The RS show some interesting features: The variation is in the permille range as required by the observations. The most exciting fact is, that the S3, with a filling factor F = r Model 0 is the RS and each vertical line separates a new set of parameters: models 1 and 2 vary the distance, models 3 to 6 the position angle, i.e. the magnetic field direction with respect to the S3, model 7 to 9 the size of the S3, model 10 and 11 the the ratio η between the perpendicular to parallel diffusion, and models 12 to 15 the extinction coefficient χ. The last two columns are the parameters of a fit to −A cos(ϕ − β) (see section 4.1 below). In models 16 and 17 two astrospheres are modeled simultaneously, which are identically to model 0, except is position angle.
fects over the entire range, with a maximum at ≈ 250 o , which is the undisturbed CRF flux, and a minimum at ϕ min ≈ 70 o . The latter has an offset ∆ϕ = ϕ min − ϕ o of about 25 o to the direction of the S3. This is caused by the orientation of the magnetic field along the y-axis and the fact, that the cosmic rays are not only diffusing along the magnetic field but also perpendicular to it. In our setup of the model (Fig. 1) two possible paths of a pseudo-particle are indicated: one which is not affected by the S3 (solid line) and another one which is (solid and then dashed line). The pseudo-particle would follow the dashed line if it is not absorbed in the S3. This is the case when we change the extinction coefficient χ for some As reference values we take a distance to the S3 of 600 pc, a radius of 10 pc, an angle from the y-axis of ϕ = 45 o , a ratio of η = κ ⊥ /κ = 0.5. and the loss of the CRF flux inside the S3 χ = 100%. The variation of the CRF is about ±0.3% along the observer angle ϕ. Because the magnetic field is directed along the y-axis, the minimum is shifted by about 25% from the actual position, in terms of ϕ o of S3.
particles.
Another exciting feature is the extent of the minimum (maximum) of the CRF flux, it can be as broad as some ten degrees. This is also compatible within the range of the observed angular size of the CRF (see, e.g. IceCube Collaboration et al., 2016).
To study these effects further we varied first the distance of the S3 to d a = 400 pc, which can be seen in the left panel of Fig. 1 (model 1, red  line) and to d a = 800 pc (model 2, blue line). The amplitude of the curves increases (decrease) with decreasing (increasing) distance compared to the RS, but their minima and maxima remain more or less at the same position. The increase in the amplitude is not linear: it is about a factor 2 larger for model 2 and about a factor 0.4 smaller for model 1 compared to RS. The reason is that a closer S3 blocks relatively more CR because of its apparent large area with respect to the observer. These effects are expected: the further away a S3 is, the smaller is the CRF variation.
In the middle panel we show the variation in the position angle ϕ a . This changes the orientation of the magnetic field relative to S3, and thus the transport of CR along the magnetic field is reduced as can be seen by the magenta line, where the propagation from the S3 to the observer is perpendicular to the magnetic field and thus the amplitude of the CRF is slightly reduced. The parallel and anti-parallel propagation effects shown by the red and cyan lines seem to be marginally higher than the RS, but that is inside the error bars. Nevertheless, the minima (maxima) Finally, we varied the ratio η of the perpendicular to parallel diffusion coefficient and the extinction coefficient χ shown in Fig. 4 . The variation of η is shown in the left panel and that of χ in the middle panel. It can be seen that for very small ratios χ the amplitude of the CRF is below 0.1% (red line, right panel) and that the minima (maxima) are shifted to much larger offsets than changing the position angle. If both diffusion coefficient are equal (κ = κ ⊥ ) the extrema of the CRF are a little smaller than that of the RS and are not offset from the position angle ∆ϕ ≈ 0 o . The latter is due to the fact, that if η = 1 both diffusion coefficients are equal and thus there is no preferred direction for diffusion (isotropic or scalar diffusion).
In the middle panel of Fig. 4 the extinction coefficient is changed. This varies only the amplitude from zero for no extinction (χ = 0%) to that of our RS. An extinction coefficient of χ = 0 or χ = 25% are below the 0.1% level, while that of χ = 50%, 75% and χ = 100% lead to variations of the CRF flux in the observed range (for a discussion see below section 4.1).
We just shortly present the case (model 16) if we have two S3 locate at ϕ a,1 = 45 o and ϕ a,2 = 225 o (see Fig: 4 , right panel). Because the diffusion depends on the direction and not on the orientation of the magnetic field, it is identical for both S3 and thus where the CRF of one S3 shows a maximum, the other S3 has a minimum, and analogously ϕ o both variations add to zero. Thus the result is like that of a "destructive" interference. The absolute CRF should be lower compared to a single S3, but the absolute flux cannot be studied with the present setup of our model. Another case, where the astrospheres are located at ϕ a,1 = 45 o and ϕ a,2 = 135 o (see Fig: 4 , right panel) gives an "constructive" interference and an additional phaseshift compared to the RS. We presented these two cases here to show the capability of our model, but do not discuss it further in the present context. Nevertheless, the above examples show, that we can get a kind of interference of different sinks, which can be decomposed into a multipole power spectrum (Ahlers and Mertsch, 2015) .
Summary of the parameter study
We fitted the function −A i cos(ϕ − β i ) to each CRF in Figs. 2 to 4 (not shown), where i indicates the model number. With the help of that function, it is easier to discuss the amplitude A i and phase shift α i . The values of A i and α i are given in the last two rows of Table 1 .
We can identify two geometrical effects: the distance to the S3 and its radius: The amplitudes A i of the normalised CRF varies with both the distance and the size of the S3 (models 1 and 2, see left panel and models 7 to 9 right panel of Fig. 3 ). The variations in the CRF amplitude are as expected: larger (smaller) for smaller (larger) distances or sizes. Our expectation is that the amplitudes depent on the opening angle of the S3 as seen from the observer. But because of the the few examples it is not possible to study these effect empirically.
The physics of the transport of CRs are influenced by the extinction parameter χ, which already gives amplitudes in the permille range, when it is larger than 25%, as can be expected for S3's (models 12 14, middle panel of Fig. 4) . This effect is also as expected, the larger the extinction coefficient the larger is the amplitude.
The ratio of the perpendicular to parallel diffusion coefficient is a parameter, which is important not only for the amplitude but also for the offset ∆ϕ (models 10 and 11, right panel of Fig. 4 ). This can be understood as an effect of the parallel/perpendicular diffusion, and, thus, how easy CRs can travel along the respective direction, influencing the amplitude and the offset. Thus, it again turns out that the perpendicular diffusion coefficient plays an important role when modeling the galactic cosmic ray transport, as already discussed in e.g. Effenberger et al. (2012) , Kumar and Eichler (2014), and Funk (2015) .
Finally, the orientation of the magnetic field plays an important role affecting the offset ∆ϕ. This is simulated by the position of the S3 relative to the x-axis (model 3 to 6 middle panel of Fig. 3 ). This can be explained by the fact that there is a more efficient diffusion in the parallel direction, as long as η = 1, which then causes the offset.
All the models discussed here show a relatively flat minimum (maximum) with an extension of a few degrees, where the normalised CRF variation are inside the error bars (only shown in Fig. 2 for the RS). Thus, from an observational point of view the sources can have a large angular extent.
Thus we have five parameters (d a , r a , ϕ a , η, and χ) which influence the amplitude and offset of the CRF. We have varied them individually with respect to the RS, but did not study simultaneous variations of these parameters. This can be done when observational data are available. Here we demonstrated the effects to the CRF of a S3 with a small filling factor of F = 10 −4 , and conclude that such a S3 is a possible explanation for the observed small-scale variations.
Replacing the sinks by appropriate sources we anticipate to get inverse results, because at the source position we expect to have the largest flux going to a minimum opposite to it. The phase shift should also be equal to that of the sinks discussed here.We will study it in a forthcoming paper.
We studied additionally, the CRF when two S3 are present (model 16 and 17, right panel of Fig. 4 ) which show something like an interference. A detailed study of two or more S3 would go far beyond the scope of this work, but the two ex-amples indicate that a Fourier decomposition of the signal along the observer angle can give some hints of the involved sinks.
In Eq. 1 we used a constant parallel diffusion coefficient κ and loss term Q, and, thus get an "energy dependence" by increasing (decreasing) κ relative to Q, because of the quasi-stationarity of Eq. 1. For more realistic scenarios one can include an energy dependent diffusion, but for the higher energies this does not play an essential role.
The filling factor F is different when we go from a 2D scenario to a 3D one. Then one needs a sphere with an radius of approximately 50 pc to get the same filling factor. Also the diffusion perpendicular to the galactic plane can influence our estimates. Assuming that cosmic rays diffusing perpendicular to the galactic disk escape before they can be detected and the CRF is confined in the galactic disk, then the modulation is approximately 2D and we expect an similar result.
In the above models we used, except for models 12 to 15 a extinction rate of 100%, which may be too large and one would expect it to be in range 25% to 50%. But this is only a sophisticated guess, because as far as we know there is no model in which an astrosphere or other object blocks (partially) the CRF. Only Scherer et al. (2015) have calculated the CRF along the stagnation line into the astrosphere around λ Cephei up to an inner boundary of 0.03 pc. Thus, to get a better estimate on the extinction factor of the CRF, we need to extend our calculations of the modulation to a point outside of the astrosphere.
Resume
We simulated the cosmic ray flux in a 1 kpc sphere, when small-scale sinks are located inside this sphere. We showed that there is a depletion of the CRF in the order of a few permille. Moreover, it turned out that such a small obstacle, for example, an astrosphere with a radius of 10 pc influences the entire observer angle, and is not only a spike, but a sinusoidal variation. The flat minimum of these variations have an extension of a few degree.
Thus, obstacles with filling factors of F ≈ 10 −4 lead to the observed variations in the permille range, except when the ratio of the diffusion coefficients (η < 0.02) or the extinction coefficient (χ < 25%) is too small. But then an increase in the size or distance to the S3 can compensate the low CRF variation.
We have demonstrated, that small-scale sinks in the ISM can lead to the observed multipole character of the CRF. Unfortunately, due to the fact that the arrival direction of the CRF in the minimum does not necessarily coincide to with the location of the obstacle, the identification of the latter is complicated.
We have shown that in the above simplified scenario, we obtain quite promising results in describing the CRF anisotropy. Thus, we will continue the study in future implementing more realistic scenarios.
